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Abstract
We study kink-antikink collisions in a particular case of the double sine-Gordon model depending
on only one parameter r. The scattering process of large kink-antikink shows the changing of
topological sector. For some parameter intervals we observed two connected effects: the production
of up to five antikink-kink pairs and up to three solitary oscillations with significant radiation rate.
For each time, the produced antikink-kink pairs more distant from the collision point have the
smaller thickness, do not emit detected radiation and oscillates around the vacuum, with frequencies
bellow the continuum. The scattering process for small kink-antikink shows, for small values of
r, the formation of false two-bounce windows and the suppression of true two-bounce windows,
despite the presence of an internal shape mode. The increasing of r from moderate values shows
the gradual recovering of the structure of two-bounce windows.
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I. INTRODUCTION
Domain walls in (3, 1) dimensions and kinks/antikinks in (1, 1) dimensions are solutions
of nonlinear field theories. Due to their stability and topological structure, these spatially
localized configurations can propagate without losing their shape [1, 2]. Domain walls and
kinks have applications in several areas of science including early universe cosmology [3, 4],
pulsar glitches [5], ferroelectrics [6], optical fibers [7] and DNA [8]. In integrable models
like the sine-Gordon, the structure of kink-antikink scattering is simple, presenting a totally
elastic behavior with at most a phase shift. On the other hand, nonintegrable models
show a richer pattern of kink-antikink scattering. The investigation of new patterns of kink
scattering is interesting to understand some aspects of nonlinearity connected with physical
systems.
Among nonintegrable models, the φ4 model is the simplest and by far more studied in
the literature (see [9] and references therein). It is known that the kink-antikink (KK¯)
collision depends on the initial velocity v. There is a critical velocity vc such that, for v > vc
there is an inelastic scattering between the kink and the antikink. For v < vc the kink-
antikink remain connected and irradiate continuously. For some values of v, we can observe
annihilation of the pair and the fractal resonance structure. The structure formed, known as
escape windows [10] or two-bounce windows [11], is related to the resonant energy exchange
mechanism between the translational and vibracional modes [11].
More recently, the numerical investigation of other models has been revealed some un-
expected aspects of nonlinearity. In particular, in the φ6 model [12], despite the absence of
vibrational mode for one kink, the structure resonant scattering appears. There, the au-
thors explained the results consider the perturbation of the whole kink-antikink pair. In the
model of Ref. [13], two-bounce windows are suppressed despite the presence of more than
one internal mode. This effect was interpreted as a kind of destructive interference between
the several modes. In the Refs. [14, 15] we can see once again the importance of vibrational
mode in the appearance of two-bounce windows.
A large number of models with kink solutions have been subject of investigation, including
the higher-order polynomial models [16–19], models with two scalar fields [20–22], hyperbolic
models [23–25] and multikinks [26–28]. One can also cite studies of interaction of kink with
a boundary [29–31], models with generalized dynamics [32, 33] and with Lorentz symmetry
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violation [34].
The double sine-Gordon (DSN) model was explored long ago in the Ref. [35] to describe
the spin dynamics in the superfluid 3He. There, the longitudinal nuclear magnetic resonance
corresponds to the oscillation of an angle φ in a potential well. In the B phase, the longi-
tudinal solitons in the Leggett configuration (where the symmetry breaking axis is parallel
to the external field) results in a modified sine-Gordon equation for φ with two types of
solutions: small soliton and large soliton. Some results on soliton-antisoliton scattering for
both small soliton and large soliton pairs were presented in the Refs. [36, 37]. For a more
gentle introduction on the subject, see the Ref. [38]. A recent paper derived the dynamic
equation of molecular motion for twisted nematic liquid crystal under applied electric an
magnetic fields, showing that it takes the form of a DNS model [39]. The recent observation
of a fractional vortex in a superconducting bi-layer [40] indicates that kinks can be formed
in such systems. In the Ref. [41], kinks in a two-band superconductor are described by the
DSN Model. Pulsar glitches are sudden changes in the rotation frequency of neutron stars
[42]. This is an evidence of the existence of superconductor states in the core of neutron
stars. Collective excitations along a vortex line in neutron 3P2 superfluids in neutron stars
results, for low energies, in a kink of the DSN model [43]. Generalized sine-Gordon model
has been found in the study of the strong/weak coupling sectors of the sl(N,C) affine Toda
model coupled to matter fields [44]. The DSG model appears in the reduction to one field of
the sl(3,C) generalized sine-Gordon model. In the Ref. [45] the DSG model was proposed
as an extended hadron model. That work was extended in the Ref [44] to multiflavor Dirac
fields, such that the DSG kink solution describes a multi-baryon. Then, the DSG spectrum
and kink-antikink system can be useful for the description of multiflavor spetrum and some
resonances in QCD2 [44].
The last paragraph illustrated several important applications where the results of kink
scattering in the DSG model can be useful. Aspects of kinks in the DSG model such as small
oscillations, internal modes, radiation and analytical methods were studied in the Refs. [46–
53]. Kink scattering in the DSG model was investigated in the Refs. [54–64]. Here we
consider a particular case of the DSG model, looking for the structure of the kink-antikink
scattering. We found some aspects not reported before, such as the production of up to
three solitary oscillations and multiple antikink-kink pairs. We show that these effects are
interrelated.
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In the Sect. II we discuss the model and two types of kinks: large kinks and small kinks.
For large kinks it is shown the production of multiple extra antikink-kink pairs together with
the changing of topological sector. We report the formation of several oscillations resembling
oscillons, but with much shorter lifetimes. For small kinks we investigate the appearance of
the structure of the two-bounce windows. We present our main conclusion in the Sect. III.
II. THE MODEL
We consider the action a Lagrangian with standard dynamics in (1, 1)-dimensions in a
Minkowski spacetime
S =
∫
dtdx
(
1
2
∂µ∂
µφ− V (φ)
)
. (1)
The equation of motion is given by
∂2φ
∂t2
− ∂
2φ
∂x2
+
dV (φ)
dφ
= 0, (2)
and static kinks φK(x) are solutions that connect two sectors of the potential. Perturbing
linearly the scalar field around one kink solution φK(x) as φ(x, t) = φK(x) + η(x) cos(ωt)
leads to Schrodinger-like equation
− d
2η(x)
dx2
+ Vsch(x)η(x) = ω
2η(x), (3)
where Vsch(x) = Vφφ(φ(x)). The study of the Schro¨dinger-like potential is useful for under-
standing some aspects of the scattering structure.
For the kink-antikink scattering process we solved the equation of motion with a 4th order
finite-difference method on a grid N = 4096 nodes and a spatial step δx = 0.05. We fixed
x = ±x0 = 12 for the initial symmetric position of the pair. For the time dependence we
used a 6th order sympletic integrator method, with a time step δt = 0.02. We used the
following initial conditions
φ(x, 0) = φK(x+ x0, v, 0)− φK(x− x0,−v, 0)− φv (4)
φ˙(x, 0) = φ˙K(x+ x0, v, 0)− φ˙K(x− x0,−v, 0), (5)
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FIG. 1: Potential V (φ). It is fixed r = 0.1 (blue solid), r = 0.5 (red dash), r = 0.9 (black dot).
where φK(x, t) = φK(γ(x− vt)) means a boost solution for kink where γ = (1− v2)−1/2 and
φv is one vacuum of the theory, i.e., a minimum of V (φ).
The double sine-Gordon is defined by the potential
V (φ) =
λ2
2α2v2
[cos2(vφ)− α2 sin2(vφ)]2. (6)
In this work we consider the potential [53]
V (φ) =
2
1 + r
(
cos(φ) + r
)2
, (7)
where 0 < r < 1 is a parameter. This potential is a particular case of the potential (6),
with [53] α =
√
(1− r)/(1 + r), v = 1/2 and λ = √1− r, and is depicted in Fig. 1 for
some values of r. This potential is periodic, with period 2pi. For −2pi < φ < 2pi and for
the parameter 0 < r < 1 the potential contains four minima. Note from the figure that the
minima are separated by large and small barriers. Corresponding topological solutions are
named large and small kinks. For r → 0 the potential goes to the integrable sine-Gordon.
The growing of r reduces the height for the small kink until the critical value r = 1, where
the potential changes the pattern for only two minima. In the following we will discuss large
and small kinks separately.
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FIG. 2: (a) Large kink solutions φlK(x) and (b) Schro¨dinger-like potential Vsch(x). In both figures
we fixed r = 0.1 (blue solid), r = 0.5 (red dash), r = 0.9 (black dot).
A. The large kink solution
The large kink solution is given by [53]
φlK(x) = 2 arctan
[√
1 + r
1− r tanh(x
√
1− r)
]
, (8)
and antikink solutions are given by φl
K¯
(x) = φlK(−x). The Fig. 2a shows some plots of
large kink profile for several values of r. The solutions connect the minima ±φv, with
φv = −pi + arccos(r). We note that for large solutions the growth of r contributes to
the increasing the asymptotic value of kink. The Fig. 2b depicts plots of Schro¨dinger-
like potential Vsch(x) for several values of r. We can see the process of formation of the
volcano-shape potential with the growth of parameter r. The increasing of r reduces the
asymptotic maximum of potential. The volcano-like potential corroborates with possibility
of resonances. However, resonances do not completely store energy during the collision
process. The consequence of this is the disappearance of some windows of two-bounces [14].
Now we report our main results concerning to kink-antikink scattering. Naturally, when
r = 0 we recover the results of sine-Gordon-like model: the kink-antikink pass through
each other after the first impact. For all values of 0 < r < 1 our numerical results show
the changing of topological sector after the collision. For r = 0.1 the outcome is still a
antikink-kink pair, i.e., the kink-antikink pair approach one each other, collide once and
escape for infinity on a new vacuum. The formed antikink-kink pair is accompanied by
small oscillations around the inside vacuum.
To better investigate these inside oscillations we considered a large value r = 0.4. In the
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FIG. 3: Kink-antikink collision (left) and image of last simulation time of scalar field as a function
of x (right) for a) b) v = 0.1 and c) d) v = 0.8. In all figures we fixed r = 0.4. Note the presence
of the confined oscillation for v = 0.8
FIG. 4: Kink-antikink collision for r = 0.65 with v = 0.3, showing the production of two thin
kink-antikink pairs and two propagating oscillations.
Figs. 3a and 3c we plot the kink-antikink collisions for v = 0.1 and v = 0.8, respectively,
and Fig. 3b and 3d the image of last simulation time of the scalar field as a function of space
x with the same initial velocities. We observe the absence of radiation out of the formed
antikink-kink pair. Moreover, the oscillations inside the pair decrease in amplitude and grow
in frequency from the center to the border of the antikink-kink pair. We can interpret that
these oscillations are responsible for the formation of antikink-kink pair. This is some sense
similar to the Ref. [65] on the φ4 model. In that paper the authors studied the scattering of
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FIG. 5: Kink-antikink collision (left) and image of last simulation time of scalar field as a function
of x (right) for a) b) r = 0.6, v = 0.8, with production of three kink-antikink pairs and c) d)
r = 0.7, v = 0.74, with production of four kink-antikink pairs.
two identical waves and noted the presence of an oscillon in the collision center as a source
of new kink-antikink pairs. Here we see some important differences for double sine-Gordon
model in the sense that i) more antikink-kink pairs can be formed, but only those more
external has oscillations with radiation limited to their borders, and ii) it can also be seen
the propagation of isolated oscillations. One example of this can be seen for r = 0.65 in
the Fig. 4. There we see the production of two thin antikink-kink pairs after the collision.
Moreover, we see clearly two oscillatory waves with large harmonicity and correspondingly
large lifetime.
The production of new antikink-kink pairs is more sensitive to the parameter r than to
the initial velocity. For example, in the Fig. 5a-b for r = 0.6 we can see the formation
of three antikink-kink pairs after one collision: two thin and one thick pair. The increase
of r favors the production of more antikink-kink pairs, as can be seen in the Fig. 5c-d for
r = 0.7, where four antikink-kink pairs are formed. We also note that, for fixed r, the more
external antikink-kink pairs are the thinnest. Moreover, the increasing of r results in the
reduction of the thickness of the more external kink-antikink pair (compare the Figs. 5a
and 5c).
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FIG. 6: Output of the collision process: a) (left) number of antikink-kink pairs, b) (right) number
of solitary oscillations.
The number of formed antikink-kink pairs at the output of the collision as a function of
r and v is presented in Fig. 6a. The figure shows that small values of r are related to the
formation of only one antikink-kink pair. There is a transition region r ∼ 0.5 such that for
0.5 . r . 0.65 we have two antikink-kink pairs. Increasing more the parameter r we see two
more transition regions, r ∼ 0.65 and r ∼ 0.75 corresponding respectively to the formation
of three (for 0.65 . r . 0.75) and four (for 0.75 . r . 0.8) antikink-kink pairs. That is,
larger values for r favors the occurrence of larger number of pairs.
In the Fig. 6b we can see the number of solitary oscillatory waves due to the collision
process. Note that small values of r are not related to the observation of these oscillations.
Increasing r there is the possibility of occurrence of oscillations, but only in some intervals
of r that follows closely the transition regions described in the Fig. 6a for the number of
antikink-kink pairs. For example, the Fig. 6b shows that, for 0.4 . r . 0.5 we can see the
formation of one oscillation centered at x = 0, with regions with two oscillations for r ∼ 0.5.
This value of r is roughly in the transition region between the formation of one and two
antikink-kink pairs (compare with the Fig. 6a). The same applies for 0.62 . r . 0.65, with
two oscillations for some velocities at r ∼ 0.65. This value of r is roughly in the transition
region between the formation of thee and four antikink-kink pairs (compare with the Fig.
6a). That is, it seems to have a connection between oscillation formation and the increasing
in the number of formed antikink-kink pairs.
We also investigated some features regarding the width and the field radiation at the
midpoint of the thinnest and more external formed antikink-kink pair. The Fig. 7a shows
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FIG. 7: Average width value of antikink-kink pair.
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FIG. 8: Fourier transform at the center of the thinnest antikink-kink pair for 100 < t < 800. For
all points we fixed v = 0.25. In each figure, the dashed line corresponds to the threshold of the
continuum modes.
that the average value of the width of the more external antikink-kink pair decreases with
the increment of r. Compare for instance the Figs. 5a and 5c, corresponding respectively
to r = 0.6 and r = 0.74.
The more external antikink-kink pair has one characteristic from oscillons: it does not
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FIG. 9: Fourier transform of one propagating oscillations for 100 < t < 800 shown in the Fig. 4.
We fixed r = 0.65 and v = 0.3. The dashed line corresponds to the threshold of the continuum
modes.
radiate. To better show this, the Figs. 8a-c depicts the Fourier transform of the thinnest
antikink-kink pair for a specific initial velocity. The figures show that the frequencies are
below the continuum, meaning that the pair is not able to radiate. For low values of r
we have two frequencies (Fig. 8a), and we noticed a decline in these frequencies with the
growth of r. A third frequency appears for r & 0.64 (Fig. 8b). This region coincides with an
increase in the number of formed kink-antikink pairs. This behavior is roughly independent
of v. We observed that changes in the initial velocity modifies the amplitude of the field,
not the frequencies.
We also analyzed the solitary oscillations. The Fig. 9 shows the Fourier transform of one
of the two oscillations shown in the Fig. 4. We note from the figure that the main frequency
is in the discrete spectrum. Also it appears one small peak in the continuum, suggesting
that the oscillation radiates following a Manton-Merabet pattern [66].
B. The small kink solution
The small kink solution is given by [53]
φsK(x) = pi + 2 arctan
[√
1− r
1 + r
tanh(x
√
1− r)
]
, (9)
and antikink solutions are given by φs
K¯
(x) = φsK(−x). The Fig. 10a shows some plots of small
kink profile for several values of r. These solutions connect the minima φv = pi ± arccos(r).
11
-4 -2 0 2 4
x
1.5
2
2.5
3
3.5
4
4.5
5
s K
(x)
-10 -5 0 5 10
x
-4
-2
0
2
4
V s
ch
(x)
FIG. 10: (a) Small kink solutions φsK(x) and (b) the Schro¨dinger-like potential Vsch(x). In the
figures we fixed r = 0.1 (blue solid), r = 0.5 (red dash), r = 0.9 (black dot).
0 0.2 0.4 0.6 0.8
r
0
1
2
3
4
2
FIG. 11: Squared frequencies ω2 of vibrational states as a function of the parameter r (blue line).
The black dashed line corresponds to the threshold of the continuum modes.
We note that the increasing in the parameter r reduces the value of φv. The Fig. 10b depicts
the Schro¨dinger-like potential Vsch(x) for some values of r. We have the same structure of
Vsch(x) for the antikink φ
s
K¯
(x). We notice that the increase of r reduces the depth of the
minimum and decrease the asymptotic maximum of the potential.
The occurrence of bound states was investigated numerically for several values of r. There
is always a zero mode for all values of r. The structure of vibrational mode is summarized in
the Fig. 11. For r & 0.02 we have the presence of internal mode, whose squared frequency
ω2 decreases with r.
We observe simple 1-bounce inelastic scattering for large velocities (v > vc). For v < vc,
we note the presence of the trapping of kink-antikink pair, two-bounce and false two-bounce
windows. The dependence of critical velocity vc as a function of r is shown in Fig. 12. We
notice that the critical velocity has a maximum around r ∼ 0.3.
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FIG. 12: The critical velocity vc as a function of the parameter r.
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FIG. 13: Time to first (black), second (red) and third (blue) bounces for kink-antikink colisions as
a function of initial velocity for (a) r = 0.05, (b) r = 0.1 and (c) r = 0.2.
The structure of scattering for small kink solutions is depicted in the Figs. 13a-c, where
we show some plots of the time to first, second and third bounces for kink-antikink collisions
as a function of initial velocity for fixed values of r. In the Fig. 13a, for the case r = 0.05,
we can see the formation of bions states and false two-bounce windows for v < vc = 0.151.
Despite of the presence of an internal shape mode, and contrary to the expected by the
resonant energy exchange mechanism [11], there are no structure of two-bounce windows.
For r = 0.1 (Fig. 13b) we can only see the appearance of two thin two-bounce windows and
the occurrence of one-bounce with v > vc = 0.2685.
Furthermore, we noted the several false two-bounce windows for v < vc. For r = 0.2
(Fig. 13c), we observe the growth of critical velocity (vc = 0.3486) and the increase of
quantity of two-bounce windows. In this figure there is the formation of only one false
two-bounce windows. That is, the increasing of r contributes to recover the full structure
of two-bounce windows expected by the resonant energy exchange mechanism [11]. On the
contrary, a decreasing of r shows that the two-bounce windows tend to be suppressed, with
13
the formation of false two-bounce windows.
III. CONCLUSION
We have analyzed the double sine-Gordon model with two distinct solutions that depends
on a parameter r. The minima of the potential are separated by large and small barriers
leading respectively to large and small kink. It was shown that the potential of perturbations
for large kink solution transits from a smooth valley to a volcano-like. This behavior leads
to the appearance of resonant peaks and the absence of vibrational states. The dynamics
of kink-antikink scattering shows for small values of parameter r the formation of antikink-
kink pairs. The growth of r allows the appearance of more antikink-kink pairs and even
propagating oscillations. The region of r where such oscillations appear to coincide with
the transition region of the formation of more antikink-kink pairs. The stability analysis
of Schro¨dinger-like potential for small kink solution shows us that the increase of r reduces
the depth of the minimum and decrease the asymptotic maximum of the potential. The
occurrence of bound states was investigated and we obtain the spectra of excitations with
zero mode for all values and one vibrational mode for r & 0.02. For r = 0.05 we observe the
formation of false two-bounce windows and the suppression of structure of true two-bounce
windows, despite the presence of an internal shape mode. This is an interesting result and
in disagreement of the resonant energy exchange mechanism. The increasing of r to large
values leads to a gradual growing of the number of two-bounce windows.
IV. ACKNOWLEDGEMENTS
The authors thank FAPEMA - Fundac¸a˜o de Amparo a` Pesquisa e ao Desenvolvimento
do Maranha˜o through grants PRONEX 01452/14, PRONEM 01852/14, Universal 01061/17,
01191/16, 01332/17, 01441/18 and BD - 00128/17. A.R.G thanks CNPq (brazilian agency)
through grants 437923/2018-5 and 311501/2018-4 for financial support. This study was
financed in part by the Coordenac¸a˜o de Aperfeic¸oamento de Pessoal de N´ıvel Superior -
14
Brasil (CAPES) - Finance Code 001.
[1] T. Dauxois and M. Peyrard, Physics of solitons, Cambridge University Press, Cambridge,
U.K. (2006).
[2] T. Vachaspati, Kinks and domain walls, Cambridge Univ. Press, Cambridge, U.K. (2006).
[3] A. Aguirre, M. C. Johnson, A status report on the observability of cosmic bubble collisions,
Rept. Prog. Phys. 74:074901, 2011.
[4] John T. Giblin, Lam Hui, Eugene A. Lim, I-Sheng Yang, How to Run Through Walls: Dy-
namics of Bubble and Soliton Collisions, Phys.Rev.D 82 (2010) 045019.
[5] Shigehiro Yasui, Muneto Nitta, Domain walls in neutron 3P2 superfluids in neutron stars,
Phys. Rev. C 101, 015207 (2020).
[6] B.A. Strukov, A. Levanyuk, Ferroelectric Phenomena in Crystals, Berlin, Springer-Verlag,
1998.
[7] L.F. Mollenauer and J.P. Gordon, Solitons in optical fibers - Fundamentals and applications,
Academic Press, Burlington, 2006.
[8] L.V. Yakushevich, Nonlinear Physics of DNA, Wiley-VCH, Weinheim, 2004.
[9] Panayotis G. Kevrekidis, Jesu´s Cuevas-Maraver (Eds.), A Dynamical Perspective on the φ4
Model : Past, Present and Future (Nonlinear Systems and Complexity Book 26), Springer
Nature Switzerland AG 2019.
[10] A. E. Kudryavtsev, Solitonlike solutions for a Higgs scalar field, JETP Lett., 22, 82 (1975).
[11] D.K. Campbell, J.S. Schonfeld, C.A. Wingate, Resonance structure in kink-antikink interac-
tions in φ4 theory, Physica D 9 (1983) 1.
[12] P. Dorey, K. Mersh, T. Romanczukiewicz, Ya. Shnir, Kink-antikink collisions in the φ6 model,
Phys. Rev. Lett. 107, 091602 (2011).
[13] F.C. Simas, Adalto R. Gomes, K.Z. Nobrega, J.C.R.E. Oliveira, Suppression of two-bounce
windows in kink-antikink collisions, JHEP 1609 (2016) 104.
[14] Patrick Dorey, Tomasz Romanczukiewicz, Resonant kink-antikink scattering through quasi-
normal modes, J. Phys. Lett. B 02 (2018) 003.
[15] F.C. Simas, A.R. Gomes, K.Z. Nobrega, Degenerate vacua to vacuumless model and kink-
antikink collisions, Phys. Lett. B 775 (2017) 290.
15
[16] A. Demirkaya, R. Decker, P.G. Kevrekidis, I.C. Christov, A. Saxena, Kink dynamics in a
parametric φ6 system: a model with controllably many internal modes, J. High Energy Phys.
12 (2017) 071.
[17] H. Weigel, Kink-antikink scattering in φ4 and φ6 models, J. Phys. Conf. Ser. 482 (2014)
012045.
[18] Ivan C. Christov, Robert J. Decker, A. Demirkaya, Vakhid A. Gani, P. G. Kevrekidis, Avadh
Saxena, Kink-Antikink Collisions and Multi-Bounce Resonance Windows in Higher-Order
Field Theories, arXiv:2005.00154 [hep-th].
[19] Joa˜o G. F. Campos, Azadeh Mohammadi, Interaction between kinks and antikinks with double
long-range tails, ArXiv: 2006.01956 [hep-th].
[20] A. Halavanau, T. Romanczukiewicz, Ya. Shnir, Resonance structures in coupled two-
component φ4 model, Phys. Rev. D 86 (2012) 085027.
[21] A. Alonso-Izquierdo, Reflection, transmutation, annihilation and resonance in two-component
kink collisions, Phys. Rev. D 97 (4) (2018) 045016.
[22] A. Alonso-Izquierdo, A. J. Balseyro Sebastian, M.A. Gonzalez Leon, Domain walls in a non-
linear S2- sigma model with homogeneous quartic polynomial potential, JHEP 11 (2018) 023.
[23] D. Bazeia, E. Belendryasova, Vakhid A. Gani, Scattering of kinks of the sinh-deformed φ4
model, Eur. Phys. J. C 78 (2018) 340.
[24] D. Bazeia, Adalto R. Gomes, K.Z. Nobrega, Fabiano C. Simas, Kink scattering in hyperbolic
models, Int. J. Mod. Phys.A 34 (2019) 31, 1950200.
[25] D. Bazeia, Adalto R. Gomes, K.Z. Nobrega, Fabiano C. Simas, Oscillons in hyperbolic models,
Phys. Lett. B 803 (2020) 135291.
[26] D. Saadatmand, S.V. Dmitriev, P.G. Kevrekidis, High energy density in multisoliton collisions,
Phys. Rev. D 92 (2015) 056005.
[27] A.M. Marjaneh, D. Saadatmand, Kun Zhou, S.V. Dmitriev, M.E. Zomorrodian, High energy
density in the collision of N kinks in the φ4 model, Commun. Nonlinear Sci. Numer. Simul.
49 (2017) 30.
[28] V. A. Gani, A. M. Marjaneh, D. Saadatmand, Multi-kink scattering in the double sine-Gordon
model, Eur. Phys. J. C 79 (7) (2019) 620.
[29] P. Dorey, A. Halavanau, J. Mercer, T. Romanczukiewicz, Y. Shnir, Boundary scattering in
the φ4 model, J. High Energy Phys. 1705 (2017) 107.
16
[30] R. Arthur, P. Dorey, R. Parini, Breaking integrability at the boundary: the sine-gordon model
with robin boundary conditions, J. Phys. A, Math. Theor. 49 (2016) 165205.
[31] Fred C. Lima, Fabiano C. Simas, K. Z. Nobrega, Adalto R. Gomes, Boundary scattering in
the φ6 model, J. High Energy Phys. 10 (2019) 147.
[32] A.R. Gomes, R. Menezes, K.Z. Nobrega, F.C. Simas, Kink-antikink collisions for twin models,
Phys. Rev. D 90 (2014) 065022.
[33] Yuan Zhong, Xiao-Long Du, Zhou-Chao Jiang, Yu-Xiao Liu, Yong-Qiang Wang, Collision of
two kinks with inner structure, JHEP 02 (2020) 153.
[34] Haobo Yan, Yuan Zhong, Yu-Xiao Liu, Kei-ichi Maeda, Kink-antikink collision in a Lorentz-
violating φ4 model, Phys.Lett.B 807 (2020).
[35] Kszumi Maki and Pradeep Kumar, Magnetic solitons in superfluitid 3He, Phys. Rev. B 14,
118 (1976).
[36] Kszumi Maki and Pradeep Kumar, Creation of magnetic solitons in superfluitid 3He, Phys.
Rev. B 14, 3920 (1976).
[37] J. Shiefman and P. Kumar, Interaction Between Soliton Pairs in a Double Sine-Gordon Equa-
tion, 1979 Phys. Scr. 20 435.
[38] Dieter Vollhardt, Peter Wo¨lfe, The superfluid phases of Helium 3, Taylor and Francis, London,
1990.
[39] Yan Li, Xiaobo Lu, Chunfeng Hou, Double sine-Gordon solitons in nematic liquid crystals
under applied electric and magnetic fields, Journ. of Mod. Opt. 65, 2006 (2018).
[40] Y. Tanaka, H. Yamamori, T. Yanagisawa, T. Nishio, S. Arisawa, Experimental formation of
a fractional vortex in a superconducting bi-layer, Physica C 548, 44 (2018).
[41] Takashi Yanagisawa, Izumi Hase and Yasumoto Tanaka, Massless and quantized modes of
kinks in the phase space of superconducting gaps, Phys. Lett. A 382 (2018) 3483.
[42] Dany Page, Madappa Prakash, James M. Lattimer, and Andrew W. Steiner, Rapid Cooling of
the Neutron Star in Cassiopeia A Triggered by Neutron Superfluidity in Dense Matter, Phys.
Rev. Lett. 106, 081101.
[43] Chandrasekhar Chatterjee, Mareike Haberichter, Muneto Nitta, Collective excitations of a
quantized vortex in 3P2 superfluids in neutron stars, Phys. Rev. C 96 (2017) 5, 055807.
[44] H. Blas, Higher Grading Conformal Affine Toda Teory and (Generalized) Sine-
Gordon/Massive Thirring Duality, JHEP 0311 (2003) 054.
17
[45] Tadashi Uchiyama, Extended hadron model based on the modified sine-Gordon equation,
Phys. Rev. D 14, 3520 (1976).
[46] O. Huda´k, The double sine-Gordon equation: On the nature of internal oscillations of the
2pi-kink, Phys. Lett. A 86, 208 (1981).
[47] P. Sodano, M. El-Batanouny, and C. R. Willis, Eigenfunctions of the small oscillations about
the double-sine-Gordon kink, Phys. Rev. B 34, 4936(R) (1986).
[48] M. Salerno, M. R. Samuelsen, Normal modes in a solitary wave solution to a double sine-
Gordon equation, Phys. Lett. A 128, 424 (1988).
[49] Sen-yue Lou, Guang-jiong Ni, Deforming some special solutions of the sine-Gordon equation
to that of the double sine-Gordon equation, Phys. Lett. A, 140, 33 (1989).
[50] M. Salerno and M. R. Samuelsen, Internal oscillation frequencies and anharmonic effects for
the double sine-Gordon kink, Phys. Rev. B 39, 4500 (1989).
[51] Yuri S. Kivshar, Dmitry E. Pelinovsky, Thierry Cretegny, and Michel Peyrard, Internal modes
of solitary waves, Phys. Rev. Lett. 80, 5032 (1998).
[52] Eva Majern´ıkova´, Oscillation mode and “nonlinear” radiation of the double sine-Gordon 2pi
kink, Phys. Rev. E 49, 3360 (1994).
[53] D. Bazeia, L. Losano and R. Menezes. Defect structures in sine-Gordon like models. Physica
D 208 (2005) 236-256.
[54] J. Shiefman and P. Kumar, Interaction Between Soliton Pairs in a Double Sine-Gordon Equa-
tion, Phys. Script. 20, 439 (1979).
[55] O. H. Olsen, M. R. Samuelsen, Interaction between solitary wave solutions to a double sine-
Gordon equation, Phys. Lett. A 80, 209 (1980).
[56] O. H. Olsen and M. R. Samuelsen, Collisions Between Solitary Wave Solutions to a Double
Sine-Gordon Equation, Phys. Script. 25, 882 (1982).
[57] David K. Campbell, Michel Peyrard, Pasquale Sodano, Kink-antikink interactions in the dou-
ble sine-Gordon equation, Physica D 19, 165 (1986).
[58] Yuri S. Kivshar, Boris A. Malomed, Radiative and inelastic effects in dynamics of double
sine-gordon solitons, Phys. Lett. A 122, 245 (1987).
[59] R. Ravelo, M. El-Batanouny, C. R. Willis, and P. Sodano, Dynamics of kink-kink collisions in
the double-sine-Gordon system, Phys. Rev. B 38, 4817 (1988).
[60] M. Salerno, Reduced sine-Gordon breather-(anti)kink dynamics and the double sine-Gordon
18
system, Phys. Lett. A 134, 421 (1989).
[61] V. A. Gani and A. E. Kudryavtsev, Kink-antikink interactions in the double sine-Gordon
equation and the problem of resonance frequencies, Phys. Rev. E 60, 3305 (1999).
[62] S. P. Popov, Interactions of breathers and kink pairs of the double sine-Gordon equation,
Comput. Math and Math. Phys. 54, 1876 (2014).
[63] Vakhid A. Gani, Aliakbar Moradi Marjaneh, Alidad Askari, Ekaterina Belendryasova, Danial
Saadatmand, Scattering of the double sine-Gordon kinks, Eur. Phys. Journ. C 78, 1 (2018).
[64] V.A. Gani, A.M. Marjaneh, A. Askari, E. Belendryasova, D. Saadatmand, Scattering of the
double sine-Gordon kinks, Eur. Phys. J. C 78 (2018) 345.
[65] T. Romanczukiewicz, Ya. Shnir, Oscillon Resonances and Creation of Kinks in Particle Colli-
sions, Physical Review Letters 105, 081601 (2010).
[66] N. S. Manton and H. Merabet, φ4 kinks - gradient flow and dynamics, Nonlinearity 10, 3
(1997).
19
